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The research is focused on obtaining high-strength mortars from composite cements, containing up to 50% of fly ash and 

a polyfunctional modifying admixture. The polyfunctional modifier contains a superplasticizer and an intensifier for cement 
grinding. Using mathematical experiments planning, experimental-statistical models of mortars strength in bending and 
compression at 2 and 28 days were obtained. The models take into account the influence of the fly ash amount, superplasticizer 
content and type and cement grinding fineness. Analytical results based on the obtained models and the influence of the 
investigated factors are presented. The obtained mathematical models of mortar strength allowed optimization of the required 
technological solutions that provide the necessary mechanical characteristics of mortars at minimum cost. 
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1. Introduction 

 
 An effective way to reduce the Portland 

cement clinker consumption and regulate the 
construction and technical properties of concretes 
and mortars is using active mineral additive in 
cement, mortars and concrete. As it was shown by 
numerous studies confirmed by practical 
experience, one of such effective mineral additives, 
is fly-ash [1 … 11]. Fly-ash actively affects 
composite building materials structure formation, 
consecutive transition from coagulation structure to 
spatial crystalline framework formation at all stages 
of cement systems hydration and structure 
formation. Due to pozzolanic activity, adding fly ash 
into cement-water systems increases the volume of 
hydrated neoplasms and also accelerates the 
hydrolysis process, increases the cement hydration 
degree [5]. 

Fly ash, having a high specific surface area, 
in addition to direct chemical interaction with 
cement, actively affects the physico-chemical 
processes near the cement paste - mineral additive 
distribution surface. As the cement stone 
condensation-crystallization structure is formed, 
epitaxial contacts are formed between the cement 
paste and mineral additives grains [12]. According 
to the Gibbs-Folmer doctrine, the energy of crystal 
nucleation is also significantly reduced in presence 
of crystallization centers, which are mineral 
additives particles [13]. 

An important indicator of ash quality, 
determining its activity, is the dispersion particles 
size distribution and their porosity. Ash is 
characterized by a significant content of particles 
that have small closed pores. The high content of  

 micropores in ash causes a high value of its actual 
specific surface area. Measurements of the ash 
actual specific surface area, performed by nitrogen 
adsorption [14], showed that it is an order of 
magnitude higher than that of cement. High 
adsorption capacity, hygroscopicity, and hydraulic 
activity of ash are associated with its high specific 
surface. After studying the strength of cement 
composites obtained by mixing clinker and ash, 
crushed to specific surface values of 250 ... 640 and 
300 ... 800 m2/kg, respectively, the necessary 
correspondence between the ash particle size 
distribution and clinker grinding fineness was 
established [15]. The high increase in ash dispersion 
affects the mortars strength and concrete at early 
age. A number of researchers have shown that 
effectiveness of adding fly ash in cement mortars 
and concrete is significantly increased when 
conducting surfactant additives. Adding surfactants 
can be considered as one of the ways to activate the 
ash additive in mortars and concrete [12]. A 
necessary condition for effectiveness of surfactants 
is their ability to chemisorption interaction with the 
additives particles surface. In a general case for 
mineral additives of acidic nature, the most effective 
are surfactants of cationic type, and the base - 
anionic. 

The expediency of activating cement with 
mineral additive by modifying its surface with 
surfactant additives follows from the Dupree-Jung 
equation [16], which connects the work of Wad 
adhesion with the surface energy of a solid: 

Wad  = s  - *
s ( m + cos )                            (1) 

where s is surface energy of a solid; *s is free surface 
energy of a solid in steam and gases environment;  
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Table 1 
Chemical composition of raw materials 

Material  
The content of oxides. % 

LOI SiO2 Al2O3 Fe2O3 CaO MgO SO3 K2O Na2O CaОв 

Clinker - 21.80 5.32 4.11 66.80 0.95 0.63 0.54 0.42 - 

Fly Ash 5.1 84.5 2.1 2.0 2.3 1.2 2.5 
 

Table 2 
Physical and mechanical properties of Portland cement 

Specific 
Surface, 

m2/kg 
Normal consistency, % 

Setting time, hours-min Strength, MPa, at 28 days 

initial final flexural tensile  compressive 

302 26.3 1-55 3-25 6.8 51.8 

 
Table 3 

Characteristics of sand 
Indicators Value 

Fineness modulus 1.91 

The total residue on the sieve 0.63, % 21.3 

The content of dusty and clay particles, % 0.7 

Density, kg/m3 2690 

Bulk density, kg/m3 1380 

Voidness, % 48.7 
 
 
m = *l / l >1 (*l is the surface tension of liquid, 
oriented under the influence of the solid surface 
force field; l is the wetting fluid surface tension);  is 
the wetting edge angle. 

As it follows from the equation (1), in order to 
achieve high adhesive strength, it is important to 
ensure the necessary wettability of the additive with 
binders and to reduce the interfacial surface energy 
achieved by the treatment of the surfactant additive. 
The reduction of the interfacial surface energy when 
creating an adsorption-active medium is determined 
from the following equation 

  clndcnKT
c

0
ss.l.                           (2) 

where s.l is the difference interphase surface 
energy  without surfactants and in presence of 
surfactants with a concentration of c; ns is the amount 
of adsorption, determined by the number of 
surfactant molecules that are adsorbed per 1 cm2 of 
the phase distribution surface; K is Boltzmann 
constant; T is the absolute temperature, K. 

To date, a number of known experimental 
data demonstrate effectiveness of joint introduction of 
fly ash and superplasticizers (SP)into cement system 
[17, 18]. Their common feature is the ability to peptize 
(deflocate) the aggregated cement flocs. The water 
immobilized in the flocs is released and helps to thin 
the cement paste. Compared with traditional 
plasticizers lignosulfonate type SP have a longer 
carbon chain length and, accordingly, higher 
adsorption capacity [19]. Colloidal chemical  

 phenomena at the phase boundary and the zeta 
potential magnitude have a significant effect on the 
mechanism of joint ventures action in cement and 
cement composites [20 ... 23].  For polycarboxylate 
and polyacrylate types of superplasticizers the 
mutual repulsion of cement particles is provided due 
to the so-called steric effect. This effect is due to the 
chains shape and the nature of the charge on the 
cement and hydrate grains surface [12].  

As the analysis of previous studies shows, 
combined introduction of fly ash and 
superplasticizers into cement composites has a 
positive effect [24]. At the same time, this effect is 
significantly influenced by a number of additional 
technological factors. The purpose of the present 
study is to obtain quantitative dependencies that 
allow predicting the joint effect of fly ash content in 
cement and its dispersion on cement mortars 
strength and to propose a way to optimize the 
composition of high-strength mortars based on ash-
containing cements. 
 
2. Materials, research methods and results 

The raw materials for the research are 
ordinary Portland cement CEM I 42,5, locally 
available fly ash and quartz sand. Naphthalene-
formaldehyde and polycarboxylate 
superplasticizers were used as chemical modifiers. 
Cement grinding intensifier - propylene glycol was 
used. 

The Portland cement is a typical medium 
aluminum cement. Mineralogical composition of 
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Table 4 
Experimental planning conditions 

Factors Variation levels 
Interval Natural  Coded  –1 0 +1 

Ash content in binder, 
(Ash. %) х1 30 40 50 10 % 

Specific surface 
(Ssp), m2/kg х2 350 450 550 100  

Content PFM1/ PFM2 , % х3 0.4/1.0 0.7/1.5 1/2.0 0.3/0.5 

 
Table 5 

 Planning matrix and experimental strength characteristics values of mortars with PFM  

 Note. Numerator - PFM1, denominator - PFM2. 
 

Factors 
W/C 

Strength at the age of days, MPa 
flexural tensile (fb.tb) Compressive (fcm) 

Ash, % Ssp, m2/kg PFM, % 2 7 28 2 7 28 

50 550 
1.0 
2.0 

0.28 
0.31 

5.9 
4.7 

8.0 
6.8 

9.5 
8.1 

22.1 
17.7 

42.2 
38.0 

51.8 
46.6 

50 550 
0.4 
1.0 

0.33 
0.36 

4.8 
4.3 

5.7 
4.8 

8.3 
7.1 

19.2 
17.3 

32.8 
29.5 

39.7 
35.7 

50 350 
1.0 
2.0 

0.24 
0.26 

4.5 
3.6 

6.0 
5.1 

7.9 
6.7 

16.2 
13.0 

36.2 
32.6 

49.8 
44.8 

50 350 
0.4 
1.0 

0.24 
0.26 

4.5 
4.1 

6.0 
5.1 

7.9 
6.7 

16.2 
14.6 

36.2 
32.5 

49.8 
44.7 

30 550 
1.0 
2.0 

0.29 
0.32 

6.7 
5.4 

8.8 
7.5 

10.3 
8.8 

29.8 
23.8 

44.2 
39.8 

55.1 
49.6 

30 550 
0.4 
1.0 

0.34 
0.37 

5.4 
4.9 

5.9 
5.0 

8.6 
7.3 

22.4 
20.2 

33.8 
30.4 

41.2 
37.1 

30 350 
1.0 
2.0 

0.26 
0.29 

4.8 
3.8 

6.8 
5.8 

8.2 
7.0 

18.9 
15.1 

40.5 
36.5 

53.1 
47.8 

30 350 
0.4 
1.0 

0.31 
0.34 

4.4 
4.0 

6.6 
5.6 

7.6 
6.5 

16.5 
14.9 

30.1 
27.1 

39.9 
35.9 

50 450 
0.7 
1.5 

0.26 
0.29 

6.0 
5.4 

7.4 
6.3 

8.8 
7.5 

17.3 
15.6 

37.8 
34.0 

50.3 
45.3 

30 450 
0.7 
1.5 

0.28 
0.31 

6.4 
5.8 

8.3 
7.1 

9.5 
8.1 

20.8 
18.7 

42.0 
37.8 

60.2 
54.2 

40 550 
0.7 
1.5 

0.30 
0.33 

6.4 
5.8 

8.1 
6.9 

10.0 
8.5 

21.7 
19.5 

38.2 
34.4 

51.0 
45.9 

40 350 
0.7 
1.5 

0.27 
0.30 

4.2 
3.8 

6.7 
5.7 

8.1 
6.9 

19.4 
17.5 

38.0 
34.2 

50.4 
45.4 

40 450 
1.0 
2.0 

0.23 
0.25 

6.0 
4.8 

7.6 
6.5 

8.7 
7.4 

19.5 
15.6 

38.7 
34.8 

52.6 
47.3 

40 450 
0.7 
1.5 

0.27 
0.30 

6.3 
5.7 

7.7 
6.5 

9.3 
7.9 

20.1 
18.1 

34.9 
31.4 

58.4 
52.6 

40 450 
0.7 
1.5 

0.28 
0.30 

6.2 
5.6 

7.5 
6.4 

9.1 
7.7 

18.9 
17.0 

34.5 
31.1 

57.8 
52.0 

40 450 
0.7 
1.5 

0.27 
0.30 

6.3 
5.7 

7.8 
6.6 

9.4 
8.0 

19.8 
17.8 

35.4 
31.9 

59.0 
53.1 

clinker is: C3S - 57.10%. C2S - 21.27%, C3A - 6.87%, 
C4AF - 12.19%. The average chemical composition 
is given in Table 1, base physical and mechanical 
properties of cement are presented in Table. 2. 

As it follows from the above data, the 
chemical composition of ash used in the frame of 
this study, meets the requirements to fly ash for 
mortars and concrete [25]. 

Cement with fly ash was ground in a 
laboratory ball mill to the desired specific surface. 
The specific surface area of the obtained composite 
cement (CC) was measured according to the Blane 
air permeability method [26]. 

As a mortars aggregate were used quartz 
sand. The sand properties are given in Table 3. 

Chemical admixtures used in this study are 
powdered superplasticizers (SP) of naphthalene- 
formaldehyde type SP-1 and polycarboxylate type 
Sika ViscoCrete-225. 

 The binder was prepared by joint grinding of 
cement and fly ash with adding of one of the 
polyfunctional modifiers (PFM) for grinding 
intensification – propylene glycol. The influence of 
two polyfunctional modifiers PFM1 and PFM2, which 
differ by superplasticizer type, was ensured. PFM1 
modifier contained polycarboxylate SP, PFM2 
modifier contained SP naphthalene formaldehyde 
type. The content of the intensifier grinding in the 
PFM composition was 0.04% of the binder amount. 

To obtain experimental-statistical models 
describing the influence of technological factors, the 
method of mathematical experiments planning was 
used [27… 29]. 

At each point of the plan, a cement-sand 
mortar with a modified cement-ash binder 
composition was prepared: at n = binder : sand – 
1:3 (by mass). W/C was determined to achieve a 
mortar cone spread on the flow table of at least   
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Table 6 
The coefficients of experimental-statistical models for strength of mortars based on ash containing cement with addition of PFM1 

Options 
Age, 
days 

b0 b1 b2 b3 b12 b13 b23 b12 b22 b32 

fcm 
2 19.1 -1.74 2.8 1.7 -0.99 -0.86 0.99 0.39 1.89 -1.32 
7 36.31 -0.54 1.02 3.84 -0.6 -1.43 1.18 2.68 0.88 -2.62 
28 56.14 -0.81 -0.42 4.87 -1.43 -1.88 1.6 0.97 -3.58 -6.47 

fb.tb 
2 6.22 -0.2 0.68 0.3 -0.15 -0.08 0.25 0.03 -0.69 -0.27 
7 7.79 -0.33 0.44 0.6 0.5 -0.1 0.63 -0.02 -0.47 -0.57 
28 9.19 -0.18 0.7 0.4 -0.14 -0.14 0.29 0.04 -0.06 -0.66 

 
 

Table 7 
Coefficients of experimental-statistical models for strength of mortars based on ash containing cement with addition of PFM2 

Options Age, days b0 b1 b2 b3 b12 b13 b23 b12 b22 b32 

fcm 
2 17.22 -1.46 2.35 0.47 -0.83 -0.65 0.68 0.3 1.65 -2.63 
7 32.68 -0.49 0.92 3.46 -0.54 -1.28 1.06 2.41 0.79 -2.36 
28 50.53 -0.73 -0.38 4.38 -1.28 -1.69 1.44 0.88 -3.22 -5.77 

fb.tb 
2 5.59 -0.17 0.58 -0.01 -0.13 -0.05 0.18 0.04 -0.77 -0.53 
7 6.63 -0.28 0.37 0.51 0.04 -0.09 0.53 -0.01 -0.4 0.48 
28 7.81 -0.15 0.6 0.34 -0.12 -0.12 0.24 0.04 -0.05 -0.56 

 

 
135 mm, according to EN 1015-3 [30], the 
compression and flexural tensile strength of prisms 
(40×40×160 mm) was determined at 2, 7 and 28 
days.  

To study the influence of these factors on 
strength characteristics, cement-ash mortars and 
corresponding quantitative estimates, a three-level 
three-factor plan B3 [29] was implemented. The 
factors planning conditions are given in Table. 4 and 
the experimental results are presented in Table. 5. 

After the experimental data processing and 
statistical analysis [29], mathematical models of the 
mortars compression and flexural tensile strengths 
were obtained in a form of polynomial regression 
equations.  The mathematical models have the 
following form:  

  
  


k

i

k

i

k

i
iijiijii xbxxbxbby

1 1 1

2
10        (3) 

 

  

where y is the output parameter; b0, bі, bij, bii are 
regression coefficients; хі, хij, хii are the investigated 
factors and k is the number of factors. 

The coefficients of experimental-statistical 
models for the ash-containing mortars strength are 
given in Tables 6 and 7. Statistical processing [28] 
showed that the obtained models can be 
considered adequate with a 95% confidence level. 

Graphic dependencies illustrating the 
influence of technological factors on compression 
and bending strength of ash-containing CC are 
shown in Figures 1 ... 4. 
 
3. Results and discussion  
 

Analysis of the graphs shown in Figure 1 
shows that the specific surface (Ssp) has a 
significant effect on the early strength of mortars 

 
Fig. 1 - The influence of technological factors on mortars compression strength at 2 days: (a) with PFM1,  

(b) with PFM2  
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Fig. 2 - The influence of technological factors on mortars compression strength at 28 days: (а) with PFM1,  

(b) with PFM2  
 

 
 

Fig. 3 - The influence of technological factors on mortars bending strength at 28 days when using PFM1 

 

based on finely ground cement-ash binders. With an 
increase in Ssp from 350 to 450 m2/kg, the mortars 
compressive strength at 2 days increases by 30 ... 
45%. The increased cement dispersion is better 
manifested at fly ash consumption of 30%, 
compared to 50%. The optimal consumption of Sika 
VC 225 superplasticizer in the modifier is 0.7 ... 1%, 
and for SP-1 it is 1.5%, which leads to an increase 
in early strength by 25 ... 35%. A further increase in 
the amount polycarboxylate type superplasticizer is 
impractical, since the strength practically does not  

 increase, and, as known, SP-1 superplasticizer at 
increased dosage inhibits hardening.  

Following Fig. 2, the fly ash content in the 
binder has the highest effect on mortar strength at 
28 days.  As the ash content in binder increase the 
composite cement strength decreases. Under such 
conditions, to increase the mortar strength, it is 
advisable to add a superplasticizer, which reduces 
the mixture water demand. With an increase in 
superplasticizer consumption W/C decreases and 
the mortar strength increases accordingly. 
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Fig. 4 - Influence of technological factors on mortars bending strength at the 28 days when using PFM2 

 
The optimal superplasticizer consumption in 

binder when using PFM1 is 0.7%, which leads to an 
increase in strength by 20 ... 25%, compared to 
PFM1consumption of 0.4%. In case of PFM2dosing, 
it is optimal to use an SP in an amount of 1.5%, 
which leads to an increase in strength by 15 ... 20% 
compared with a consumption of 1%. However, a 
further increase in the SP amount is impractical and 
the mortars strength practically does not increase. 
An increase in the specific surface to 450 m2/kg 
leads to an increase in strength by 25 … 35% 
compared to 350 m2/kg, but with a specific surface 
of about 550 m2/kg, a significant increase in strength 
is not observed. 

The main factor that significantly affects the 
binder strength during bending is the specific 
surface. An increase from 350 m2/kg to 550 m2/kg 
increases the bending strength by 15 ... 25%. 
Increase in fly ash content in the binder mass from 
30% to 50% leads to a slight decrease in strength to 
10% (Figures 3, 4). 

The obtained mathematical models enable 
to carry out multi-parametric mathematical 
optimization of technological factors in order to 
achieve the required strength at 2 and 28 days at 
the minimum cost of mortars.  

Example. To solve the optimization problem 
described above, the add-in MS Excel "Solver" was 
used. It allows solving the problem of choosing the 
values of factors satisfying the established 
constraint. For economic calculations, the following 
values were taken: the cost of clinker - 90 euros per 
1 ton, fly ash - 27 euros per 1 ton; naphthalene-
formaldehyde type superplasticizer - 1.05 EUR per 
kg; polycarboxylate type superplasticizer - 2.85 
euros per kg.  

 Mathematical optimization was carried out 
limiting the maximum cement specific surface area 
of  less than 400 m2/kg, as well as without this 
restriction. The cost of CC grinding to a specific 
surface of 400 m2/kg was assumed to be equal to 
720 EUR per 1 tone, for a specific surface of 550 
m2/kg – 1760 EUR per 1 tone. The optimization 
results are given in Table 8.  

As it can be seen from the obtained data, 
limiting the specific surface area to less than 400 
m2/kg the finest mortar with a compressive strength 
at 28 days can be obtained using cement with an 
ash content of 50%, naphthalene formaldehyde 
superplasticizer - 0.92% or polycarboxylate - 0.34 
%. The strength requirement at 2 days will be 
provided at a level of at least 10 MPa. To increase 
the early strength to 20 MPa, it is necessary to 
reduce the ash content to 30%, abandon 
naphthalene formaldehyde superplasticizer and 
increase the specific surface area of cement to 374 
m2/kg. It is impossible to provide early strength of 
30 MPa at the given restriction on fineness of 
grinding. To obtain mortar with a strength of 
minimum 50 MPa at 28 days and minimum 10 MPa 
at 2 days, it is economically advantageous to 
increase the specific surface area of cement to 365 
m2/kg with an ash content of 50% and 
superplasticizer polycarboxylate type content of 
0.63%. 

Removing the restriction on the maximum 
specific surface area (within the variable range) 
makes it possible to further ensure the early 
concrete strength at a level of minimum 30 MPa. It 
is necessary to increase the grinding cement 
fineness to a maximum of 550 m2/kg, as well as  
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Table 8 
Technological factors obtained using the MS Excel "Solver" add-on optimization results 

Compressive strength, МPа 
Technological factors 

Fly ash content, 
% 

Superplasticizer  content, % Specific surface area, m2/kg 
28 days 2 days 

Maximum specific surface area of ash containing cement is 400 m2/kg  

30 
10 

50* 0.57* 350* 
50** 0.34** 350** 

20 
-* -* -* 

30** 0.76** 374** 

40 
10 

50 0.92 350 
50** 0.34** 350** 

20 
-* -* -* 

30** 0.76** 374** 

50 
10 

-* -* -* 
50** 0.63** 365** 

20 
-* -* -* 

30** 0.76** 374** 
Maximum specific surface area of ash containing cement is 550 m2/kg 

30 
10 

50* 0.57* 350* 
50** 0.34** 350** 

20 
-* -* -* 

30** 0.76** 374** 

40 

10 
50* 0.92* 350* 
50** 0.34** 350** 

20 
-* -* -* 

30** 0.76** 374** 

30 
-* -* -* 

30** 0.93** 550** 

50 

10 
-* -* -* 

50** 0.63** 365** 

20 
-* -* -* 

30** 0.76** 374** 

30 
-* -* -* 

30** 0.93** 550** 
*polycarboxylate superplasticizer; 
*naphthalene formaldehyde superplasticizer  
 
significantly increase the superplasticizer 
polycarboxylate type content (up to 0.93%). 
 
4. Conclusions 
 
1. The obtained mathematical models allow proper 

evaluation of the combined effect of fly ash 
content in cement, its specific surface area and 
the consumption of polycarboxylate and 
naphthalene-formaldehyde superplasticizers on 
the compressive and flexural strength of mortars. 

2. Using the obtained mathematical models and the 
MS Excel “Solver” software, the possibility of 
optimizing the mortars composition while 
ensuring the specified strength indicators and 
minimizing their cost is shown. 
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